We employ a trapped ion to study quantum contextual correlations in a single qutrit using the 5-observable KCBS inequality, which is arguably the most fundamental non-contextuality inequality for testing Quantum Mechanics (QM). We quantify the effect of systematics in our experiment by purposely scanning the degree of signaling between measurements, which allows us to place realistic bounds on the non-classicality of the observed correlations. Our results violate the classical bound for this experiment by up to 25 standard deviations, while being in agreement with the QM limit. In order to test the prediction of QM that the contextual fraction increases with the number of observables, we gradually increase the complexity of our measurements from 5 up to 121 observables. We find stronger-than-classical correlations in all prepared scenarios up to 101 observables, beyond which experimental imperfections blur the quantum-classical divide.
Quantum contextuality speaks against the classical perception that the act of measurement merely reveals pre-existing, context-independent properties of the measured system. This leads to correlations between observables which are stronger than those in classical physics [1] . One way to test these is to construct Non-Contextuality (NC) inequalities which are constrained classically but violated by quantum systems. In Ref. [2] , Klyachko, Can, Binicioğlu, and Shumovsky (KCBS) provided an inequality with the lowest possible number of measurement settings, while featuring the largest possible gap between quantum and classical predictions (App. H, [3] ). This requires measuring N = 5 observables in a three-level system or qutrit, the smallest quantum state space in which such correlations can be observed. In one extra dimension, the Bell inequality on two qubits also provides a test of non-classical correlations, but with the additional requirement that the qubits are space-like separated [4, 5] . In this scenario, the observation of non-classical correlations causes the exclusion of locality or of realism.
While tests have been performed which aim to saturate the Tsirelson quantum bound of the Bell inequality [6, 7] , their legitimacy has been recently challenged based on signaling [8] , and there is no consensus on the validity of equivalent previous experimental tests of KCBS [9, 10] . The significance of NC tests is compromised when the assumptions of the underlying theory are not fulfilled in experiments. In particular, the characterization of systematic signaling is notoriously scarce in experimental papers aiming at saturating quantum correlations [8] , despite ongoing theoretical efforts [11, 12] . Given that NC inequalities can show a trade-off between signaling and the amount of violation, thoroughly accounting for the former is a major pending task. As a consequence, there is no undisputed experimental evidence to date that the maximum predicted by QM for any NC inequality can be reached (Apps. J-K, [8] ).
Bell and KCBS inequalities differ in the size of Hilbert space and the number of observables. Beyond the minimal instances, both the Bell and KCBS inequalities have been extended to larger numbers of observables [13] . This can be used to constrain the predictive power of beyond-quantum theories [13] , to certify the randomness of numbers [14] , or to quantify the computational power available in a quantum system [15] . Extended Bell inequalities (or Bell chained inequalities) have been violated in photonic systems and with trapped ions [7, 16] , with the former showing a violation up to N = 90 observables. Nevertheless, current studies on the more fundamental extended KCBS scenario, where even stronger correlations are possible, are limited to N ≤ 7 [17] .
In this Letter, we present experimental results which reach the QM bound of the KCBS inequality, and which exhibit correlations beyond those accessible in a Bell experiment (App. H, [18] ). We also extend the KCBS test to 5 ≤ N ≤ 121 and measure stronger-than-classical correlations up to N = 101 observables, with the largest contextual fraction CF = 0.800 (4) for N = 31 [19] . We examine the assumptions of compatible measurements [8, 20] by purposely scanning the degree of signaling in the experiment, thereby evaluating the trade-off between signaling and violation in NC inequalities. This allows us to quantify and minimize systematic effects, which we use to penalize our results in line with recent theoretical proposals [12] . In these experiments we combine high-fidelity unitary operations with high-precision projective detection [21] to close both the individual-existence loophole (by performing sequential, rather than simultaneous, measurements [20, 22] ) and the detection loophole.
We encode the qutrit basis states |0 , |1 , |2 onto internal electronic energy levels of a single 40 Ca + ion confined in a cryogenic surface-electrode radio-frequency trap. Combinations of coherent laser pulses resonant with |0 ↔ |1 and |0 ↔ |2 transitions allow us to generate arbitrary singlequtrit rotations. Quantum non-demolition measurements of arbitrary observables are achieved with high fidelity by combining these coherent rotations with discrimination of |0 from |1 or |2 using state-dependent fluorescence, allowing the study of correlations between sequential measurements [21] . Further is consistent with NC models. The inset shows how a finite number of experiments (here 5 × 10 4 per data point) leads to a necessary deviation from theory around θ 5 (dashed line). The analytical formulas for the plotted curves are given in App. G. details of the experimental setup can be found in Refs. [21] .
In a first experiment we perform sequences of pairs of measurements along rays defined by a set of N = 5 states |ψ i on a "qutrit sphere" of real superpositions of the basis states (see Fig. 1 ). Explicitly, the pentagon states are given by
where R y (θ) represents a rotation by angle θ around |2 (associated with the y-axis), and R z ( 2π 5 ) represents a rotation by angle 2π 5 around |0 (associated with the z-axis, Fig. 1 ). Here i is a modulo 5 integer, with |ψ 0 ≡ |ψ 5 and |ψ 6 ≡ |ψ 1 . We define a convention whereby a sharp measurement [23] M i along ray |ψ i will yield one of two values A i = ±1. If A i = 1, the state is projected onto |ψ i , whereas A i = −1 projects onto an orthogonal space spanned by |ψ i−1 and |ψ i+1 , preserving the coherence in that subspace (App. F). When measurements of M i and M j are conducted sequentially, with M i measured first and M j measured second, we denote their respective outcomes as A (1) i and A (2) j . The KCBS scenario, in which measurements M i and M i±1 are compatible (their operators commute), arises when θ 5 = arccos 5 −1/4 ≈ 48 • and hence ψ i |ψ i±1 = 0. In Fig. 1 , this is indicated by dashed lines joining pairs of states. In NC models the sum of correlators is bounded from below:
This result is called the KCBS inequality [2] in either "normal order" (S + 5 ) or "reverse order" (S − 5 ). According to QM:
This is independent of the order and the equality is obtained if and only if the system is initialized to |0 and all experimental operations are carried out with perfect fidelity. Note that miscalibration of the opening angle θ may result in S 5 (θ) <S QM 5 (see Fig.1 ). Such results do not reveal non-classical effects, since outcomes of non-compatible measurements can in general be explained by NC models. However, unavoidable experimental imperfections will lead to some degree of signaling and incompatibility. This fact has been identified as the main weakness of contextuality tests in local systems and is often referred to as the "compatibility" or "finite-precision loophole" [24] . The loophole can be addressed by making use of "extended inequalities" [12, 20] . These are modifications of non-contextuality inequalities that do not require perfect compatibility, but can only be used to study either restricted classes of NC models or extended notions of contextuality. Here we follow the latter approach and use the result in Ref. [12] , extending the KCBS inequality to
, and thus 5 i=1 i penalizes signaling between measurements. Note that this inequality can be used for both normal and reverse order measurements. S (θ) is plotted in Fig.1 (red dashed line) , showing that a finite range of θ leads to results inconsistent with NC models (hashed region). Aside from systematic effects, some amount of signaling is expected purely due to shot-noise-limited statistics (otherwise known as quantum projection noise). This means that experimental results are expected to systematically deviate from S All experiments in this work follow the sequence depicted in Fig. 2 . We start by cooling the ion's motion close to the ground-state to suppress the effect of finite motional temperature on the fidelities of coherent control operations [21] . We then optically pump the system to |0 and perform a measurement M i followed by a measurement of M j=i±1 . Projective measurements along |0 are performed by applying a fluorescence state-detection pulse, followed by ground-state cooling and optical-pumping pulses (App. C). If the ion fluoresces it is projected onto |0 and cooled back close to the ground-state; if it does not, it is projected onto the subspace spanned by states |1 and |2 , without affecting their relative amplitudes or the motional state [21] . A projective measurement along |ψ i = U i |0 is composed of a coherent rotation U † i , followed by a projective measurement along |0 and a rotation back U i (App. D, [21] ). This allows us to treat each measurement as a block that is executed in the same way regardless of preceding or following measurements [25] . Qutrit rotations are decomposed into individual laser pulses using Eq. (1), with
where R n k (θ, φ) (k = 1, 2) is a matrix representing the effect of a resonant pulse on the |0 ↔ |k transition with angle θ FIG. 2 . Sequential measurement of observables M i and M j . Red lines illustrate the parts of the sequence where the ion is hot and/or outside the computational basis. In the pump stage, the ion is Doppler-cooled and pumped into the S 1/2 manifold, which includes state |0 . In the detect stage, the state is projected either onto the {|1 , |2 } manifold (without affecting its motional state), or onto the S 1/2 manifold (heating it back to the Doppler limit). In the cool SP stage, the S 1/2 states are ground-state cooled and pumped into |0 , while states |1 and |2 remain unaffected. Each unitary U i is decomposed into a sequence of (2i + 1) coherent rotations on |0 ↔ |1 and |0 ↔ |2 transitions. Every sequence produces outcomes A = −3.890 (34) and phase φ, repeated n times (App. A). Experimentally, these parameters are adjusted by changing the laser-pulse amplitude, duration and phase with an acousto-optic modulator.
In the KCBS study we scan the degree of incompatibility between observables by changing the pentagon opening angle θ and measuring each pair of observables 10,000 times in both normal and reverse order. We determine the experimental value of θ using
The measured witnesses S 5 (θ) and S (θ) are displayed in Fig. 3 , together with theoretical expectations for an ideal experiment. Table I shows the results of this procedure for the value of θ measured to be closest to θ 5 ≈ 48 • in each scan. The results of S 5 (θ 5 ) exhibit a systematic shift of 1.6 standard deviations from the ideal QM prediction. This can be attributed to imperfections in qutrit rotations, primarily due to vibrations of the closed-cycle cryostat where the ion trap sits. For the extended witness S [26] .
Recent theoretical developments allow for a unified treatment of different NC inequalities and consequently justify a direct comparison between contextuality and Bell tests [18] . Within the formalism of exclusivity structures (App. H), KCBS and its extensions (odd N-cycle NC inequalities [13] ) correspond to the most fundamental exclusivity scenarios, which are building blocks of all other NC inequalities. Bell experiments (even N-cycle NC inequalities) produce correlations that cannot saturate those available due to their exclusivity graph. The largest amount of contextuality available to Bell scenarios would correspond to S 5 ≈ −3.828 (green dashed line in Fig. 3 , App. H). Close to compatibility we can resolve values of S 5 surpassing this bound
In a second set of experiments we expand the above procedure to correlation measurements between any odd number N > 5 of states on the "qutrit sphere". Generalizing the KCBS construction given in Eq. (1), we define the N-gon states by
. The N-cycle NC inequality [5, 27] reads:
Measurements on the initial state |0 violate this inequality maximally, leading to
Finally, an inequality for the extended witness S (ext) N can be derived in full analogy to Ineq. (4) (App. I, [12] ).
In order to make a connection with chained Bell tests [19, 28] , we use the "Contextual Fraction" (CF),
to quantify the strength of non-classical correlations. Here, S NS N is the minimum value of S N allowed for non-signaling measurements. For N-cycle NC inequalities,S NS N = −N, which is also the algebraic limit of the expression. When positive, the value of CF quantifies the potential performance of measurement-based quantum computers [15] and can be used to constrain possible extensions of QM [13, 29] . A property of N-cycle NC inequalities is that CF N → 1 as N → ∞. In other words, the system tends to become fully contextual as the number of observables increases. Chained Bell experiments have observed contextuality with N up to 90, measuring CF as large as CF 36 = 0.874(1) [7] . Here we complement those studies by measuring odd N-cycle NC inequalities up to N = 121, while quantifying systematic effects which can compromise experiments on photonic systems [8] .
The number of pulses and duration for these experiments both grow as N 2 . In order to shorten the experimental run time we concatenate U † j U i to U i−j , rather than performing the full pulse sequence corresponding to U † j U i (App. I). This precludes the block-like structure of individual measurements [25] , but leads to relevant time and infidelity reductions for large N. All measurements were performed in normal (as opposed to reverse) order, with every correlator measured 10, 000 times.
The measurement results are shown in Fig. 4 . We identify stronger-than-classical correlations in all prepared scenarios up to N = 101 (N = 61) for the bare (extended) witness. Beyond that, our results are consistent with NC models. The largest measured value is CF 31 = 0.800(4). We have not found a consistent theory model for calculating the CF in the presence of finite signaling, so the plot includes only the results for the bare witnesses. The complete table of results, as well as further experimental details, are available in App. I. To our best knowledge, these results show contextuality in a system with the largest number of observables (101) of any experiment reported up to this date. Moreover, the measured contextual fraction is larger than for any other experiment closing the detection loophole [16] .
The experimental difficulty of resolving quantum from classical correlations for a large number of observables is illustrated in the bottom plot of Fig. 4 . A decrease in the contextual fraction corresponds to a loss in the visibility of quantum correlations. While QM predicts that CF N will approach unity as N increases, any finite error rate per measurement will cause CF N < 0 for sufficiently large N. This can be interpreted as classical behavior emerging from a quantum system [30, 31] : whereas the strength of correlations between observables for N ≤ 101 cannot have a classical origin, the correlations we measure for 121 observables could have been produced by a system of 121 classical coins. This transition towards classicality does not originate from increased interactions with an environment (measured decoherence in our system occurs over timescales much longer than the duration of our experimental sequences, see App. B) and is not due to an increase in the macroscopicity of the system (the Hilbert-space dimension is always 3). Instead, we find classical expectations when we do not have sufficient experimental control to resolve measurement directions from one another. This possibility was first discussed in Ref. [30] , where it is proven that measurement imperfections in an otherwise perfectly quantum system can give rise to classical behavior. It was later shown that measurement errors do not lead to a quantum-to-classical transition if the final projection is coarsened, whereas they do when measurement references are coarsened [31] , i.e. when unitary operations are non-ideal, which is consistent with our observations. Although this effect is also present in previous chained Bell tests [7, 16] , the link to quantum-to-classical transitions has not been discussed in this context before.
The experiments we have performed suggest that nonclassical correlations as strong as predicted by quantum mechanics can be observed in nature. Using this as a starting point, experiments should aim at closing the compatibility loophole to disprove all possible NC models. This can be accomplished by using multiple entangled qutrits [32] . A further interesting study would be to carry out experiments using an operational definition of contextuality which addresses the compatibility loophole and does not require sharp measurements [11] . Initial work has already been carried out with photonic systems to study the monogamy relation between contextuality and non-locality [33] , as well as alternative definitions of contextuality [34] . Comparable experiments on a trapped-ion platform would facilitate closing the detection loophole.
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Supplementary Material Appendix A: Qutrit transitions
Qutrit states are encoded into Zeeman sub-levels of a 40 Ca + ion as follows:
An external magnetic field of |B| ≈ 3.73 G splits the |0 ↔ |1 and |0 ↔ |2 transitions by ≈ 6.27 MHz. These transitions are driven by linearly polarized laser pulses at λ ≈ 729 nm propagating at an angle of 45 • to the quantization axis and adjusted to be resonant with the transition of choice. We operate at low laser intensities to keep AC Stark shifts below 100 Hz. This allows us to, up to a good approximation, treat the laser pulses as inducing single-qubit rotations in a qutrit space:
Appendix B: Qutrit coherence times
Using Ramsey techniques, we determine coherence times of σ t ≈ 1.6 ms for the |0 ↔ |1 and |0 ↔ |2 transitions, and σ t ≈ 7 ms for the |1 ↔ |2 transition. Here we assumed for simplicity that the noise is Gaussian and slow compared to the timescale of a single experiment, causing a Ramsey experiment with wait time τ to lose contrast as C = e −τ 2 /(2σ 2 t ) [35] . This reveals a noise component of ≈ 230 Hz (Full-Width Half-Maximum, FWHM) common to both the |0 ↔ |1 and |0 ↔ |2 transitions, which we believe originates due to Doppler shifts transmitted onto the ion from vibrations of the closed-cycle cryocooler. The differential noise has a width of ≈ 50 Hz (FWHM), which we associate with B-field fluctuations of <5 µG (FWHM) and slow drifts. The latter result in changes of transition frequencies (∼ 100 Hz on time scales of minutes), which we automatically re-calibrate every 30 s with 10 Hz resolution.
Appendix C: Ion cooling
At the start of every experiment the ion is optically pumped to |0 and cooled close to the motional ground state. The cooling is done in two steps. First, a Doppler-cooling sequence brings all three oscillation modes (one parallel, and two perpendicular to the trap axis) to a thermal state with mean phonon occupation n th ≈ 5. Then we further cool the mode of motion parallel to the trap axis to n th ≈ 0.2 using electromagneticallyinduced transparency (EIT) cooling [21] . Qutrit transitions are driven with a laser beam propagating along the trap axis, deeming the influence of radial motion negligible.
The second instance of cooling occurs during state detection. Standard on-resonance fluorescence detection techniques cause motional heating due to photon recoil in case of a bright detection. To circumvent this problem, detection is conducted off-resonantly with settings close to those of Doppler cooling [21] . While this decreases the observed signal and hence lengthens detection pulses, it also brings the temperature of the bright ion close to the Doppler limit. Afterwards, we repeat the EIT cooling sequence described above to get back to n th ≈ 0.2. In case of a dark detection, the state of the ion is unaffected by the detection or EIT beams. This leads to negligible dependence of the ion's motional state on the first measurement, since a dark ion is subject to motional heating at a rate of ∼ 200 quanta/s.
Appendix D: Qutrit detection
Fluorescence detection is implemented by shining a laser beam at 397 nm, which connects the S 1/2 states with a shortlived P 1/2 level, together with a repumping beam at 866 nm (Fig. 2, [21] ). If the ion fluoresces ("bright detection") it is projected onto the S 1/2 manifold, while no fluorescence ("dark detection") projects it onto the D 5/2 manifold.
During a dark detection, the lack of physical interaction between ion and laser ensures that the initial qutrit state ρ in is related to the post-measurement state ρ out via
where P D = (|1 1| + |2 2|) is the projection operator onto the dark states. In other words, a dark detection implements a Lüders projective measurement [36] . A bright detection, on the other hand, projects the ion onto a mixture of { S 1/2 , m J = −1/2 , S 1/2 , m J = +1/2 } states. We therefore complete the detection sequence with a spin-polarizing (SP) σ-polarized pulse at 397 nm, which pumps all the S 1/2 population into |0 = S 1/2 , m J = −1/2 . This makes a bright measurement a Lüders measurement with projection operator P B = |0 0|. Bright states are discriminated from dark states by thresholding the number of photon counts collected within a detection window. In a typical experiment, we collect an average of ≈ 25 photons from a bright ion, with an average background of ≈ 1 photon, during a window of ≈ 200 µs. The optimal threshold is set close to the crossing point between the histograms resulting from bright and dark states [21] . We estimate a bright (dark) detection error of ≈ 2 × 10 −5 (≈ 1 × 10 −4 ). Dark-detection errors are dominated by spontaneous decay of D 5/2 states into the S 1/2 ground state (τ decay ≈ 1.2 s).
Appendix E: Data collection and analysis
Consider an experiment with N observables (for KCBS, N = 5). For each opening angle setting θ set we perform a correlation measurement (Fig. 2) along a pair of directions (|ψ i , ψ j ), with results (A
Results +1 correspond to a bright ion and results -1 correspond to a dark ion, and the superscript in brackets denotes whether the observable is measured first or second. We also calculate the correlation A (1) i A (2) j . Each experiment is repeated 10,000 times, and the average results ( A
j ) are extracted. We collect data for N observable pairs in one of two possible orders:
We then evaluate the witness S N starting from Eq. (8): normal order:
reverse order:
We also estimate the pentagon opening angle θ using
The incompatibility term is evaluated according to
and the extended witness is given by S 
j ) we evaluate the sample standard deviation and use it to compute the standard error in the mean. We then propagate the standard errors of S N , θ, and S (ext) N assuming independent errors. These standard errors are plotted as error bars in Figs. 3 and 4 . We note that is defined as necessarily positive and its distribution is non-gaussian, hence the standard error of cannot always be treated as a confidence interval.
Appendix F: Measured observables
Consider operators P B = |0 0| and P D = |1 1| + |2 2|, which project the ion onto a bright and dark state respectively. We define the observable M i of measurement along |ψ i = U i |0 as M i = P B,i − P D,i , where
The outcome of measurement M i is denoted as A i = ±1. With these definitions, the outcome A i = +1 corresponds to projection onto P B,i , while
and that in QM two observables are compatible when their operators commute. If we consider states |ψ i on a real "qutrit sphere" (Fig. 1) , this condition is equivalent to orthogonality between vectors.
Appendix G: Theoretical predictions for KCBS witnesses
Consider a sequence of measurements M i , M i±1 as defined in App. F, with U i defined as in Eq. (1) and the initial state ρ in = |0 0|. Their correlation can be evaluated to:
Then the KCBS witness can be simply calculated as
i±1 (Eq. (2)). This is plotted in solid blue in Fig. 1 . Note in particular that the minimum value of S 5 (θ) is obtained when θ = In order to evaluate the extended KCBS witness S (θ) we first evaluate the expectation value of A i as
while the post-measurement state is given by
The average outcome of measurement M i±1 is then given by
Due to the symmetry of the problem, A
i+1 is expected to be the same for all i, and hence A
i . We use this to evaluate the extension term:
The extended KCBS witness S Fig. 1 . Aside from penalizing systematic effects, i also accounts for finite sample size. This is because the sample mean of i is a biased estimator of the population mean of i . Consider an experimental run with n measurement repetitions. The measured outcomes follow a normal distribution
where N (µ, σ) denotes a normal distribution with mean µ and
), where F (µ, σ 2 ) is the so-called "folded normal distribution", obtained by taking the absolute value of a gaussian with mean µ and variance σ 2 . The mean of a folded normal distribution is [37] 
where erf is the error function. This mean represents an expectation value E( i ) of i in an experiment with n repetitions:
The expression for the variance σ 2
represents the shot-noise contribution, hence we refer to this expectation value as "theoretical prediction with shot noise". E(S (ext) 5
for n = 10, 000 is plotted in Fig. 1 in dashed red. We see that the effect of shot noise is significant when i ≈ 0, where it predicts a gap of size 2(1 − cos (2θ 5 ))/(πn) between the sample mean and the population mean of S (ext) 5 .
Appendix H: Relevance of KCBS and odd cycle NC inequalities
There are three different perspectives from which the KCBS and the N odd-cycle non-contextuality inequalities (with N ≥ 5; the case = 5 is the KCBS inequality) are of fundamental importance for understanding the power of quantum systems. Each of these perspectives corresponds to a different approach for investigating the quantum vs classical advantage.
The first perspective focuses on the quantum system that produces the quantum advantage. In this respect, the KCBS and the other odd N−cycle NC inequalities are special because all of them achieve their maximal quantum violation using a qutrit, which is the simplest quantum system that produces contextuality [1, 38] . This is in contrast with the case of the CHSH and the rest of even N−cycle NC inequalities (called chained Bell inequalities when tested on pairs of systems [39, 40] ), whose maximal quantum violation requires either a ququart, i.e. a four-dimensional quantum system, or a pair of qubits. Moreover, the KCBS inequality is the simplest (i.e. the one requiring the smallest number of observables) non-contextuality inequality violated by a qutrit.
The second perspective emphasizes the scenario in which the quantum advantage occurs. A scenario is defined by a set of observables, each with a certain number of possible outcomes, having certain relations of compatibility among them. These relations are typically represented by a graph called the compatibility graph, in which vertices represent observables and edges connect compatible observables. The name N-cycle inequality refers to the fact that the corresponding scenario has N observables whose compatibility relations are represented by a cycle of N vertices. For each scenario, the correlations between compatible measurements define a set whose points are vectors of probabilities. Geometrically, the classical set is a polytope whose facets define tight inequalities that are necessary and sufficient conditions for the existence of a classical model. For certain scenarios, the quantum set is larger than the classical set. However, only a few scenarios have been exhaustively explored [13, [41] [42] [43] [44] in the sense that we know all the classical inequalities and all the maximal quantum violations. Among these scenarios, the N ≥ 4 cycle non-contextuality scenario (where there are N observables, each with 2 outcomes, such that observable j is compatible with observable j + 1 with the sum modulo N) is the only one which is symmetric, i.e. with all tight inequalities and all maximal quantum violations being of the same type [13] . These inequalities are precisely the N ≥ 4 cycle non-contextuality inequalities. As non-contextuality inequalities, all of them are tight. However, the case N even can be tested with pairs of particles and then the corresponding non-contextuality inequalities are also Bell inequalities, the so-called chained Bell inequalities [39, 40] . Notice, however, that the chained Bell inequalities are not tight Bell inequalities (i.e. they do not correspond to facets of the local polytope) [13] .
The third perspective focuses on the graph of exclusivity responsible for the quantum advantage. In the graph-theoretic approach to quantum theory introduced in [3] , every classical inequality is first converted into an inequality in which the quantity bounded is a sum of probabilities of events (i.e. state transformations produced by an ideal measurement), and then associated to a graph in which vertices represent the events in this quantity and edges connect events that are exclusive (i.e. that correspond to different outcomes of the same ideal measurement). This graph is called the exclusivity graph of the inequality. The exclusivity graph of (the events of) an inequality should not be confused with the compatibility graph of (the observables) of an scenario.
The first result of the graph-theoretic approach is that an exclusivity graph admits a quantum realization whose probabilities cannot be explained classically if and only if the graph has, as induced subgraphs, odd M-cycles with M ≥ 5 or their complements [3] . Relevant to this study is the fact that the exclusivity graph of the M events needed to test the odd N-cycle NC inequalities is precisely an M-cycle with M = N.
The second result of the graph-theoretic approach is that, for any exclusivity graph, the maximum value allowed by QM is given by a characteristic number of the graph. The odd N ≥ 5-cycle NC inequalities happen to saturate each of these maxima [3] and hence saturate also the strength of correlations allowed by QM, which is given by Eq. (9):
Together, these two results imply that, among all possible non-contextuality inequalities, the odd N ≥ 5-cycle NC inequalities have fundamental importance for understanding the differences between quantum and classical resources. Moreover, the exclusivity graph with the smallest number of vertices featuring genuinely quantum probabilities is the pentagon [3] , which is exactly the exclusivity graph of the five events needed to test the KCBS inequality.
Although the chained Bell inequalities (and other Bell inequalities) contain events associated with N-cycle exclusivity graphs, it has been proven [28, 45] that no Bell inequality contains events allowing the maximum quantum value for any N-cycle exclusivity graph. It has also been proven [45] that the quantum maximum of the odd N ≥ 5-cycle exclusivity graph for Bell scenarios is achieved for the chained Bell inequalities for (N − 1)/2 observables per party and is given bȳ
For example, for the pentagon, the quantum maximum within Bell scenarios is achieved in the scenario with two dichotomic observables per party, i.e. in the CHSH scenario [46] . A direct comparison between the QM expectations for the CHSH and KCBS scenarios shows that correlations between observables are stronger in the latter:S Bell 5 ≈ −3.828 >S KCBS 5 ≈ −3.944. Although the quantum realization for the CHSH scenario takes place in a Hilbert space of dimension four while for the KCBS scenario takes place in dimension three, measurements in the former are restricted to be bipartite, which accounts for the weaker correlations.
Finally, the third important result of the graph-theoretic approach is that, for a given graph of exclusivity, the set of classical probabilities is the so-called stable set polytope of the graph, while the set of quantum probabilities is the socalled theta body of the graph [3] . Among all the basic graphs needed for genuinely quantum correlations, the pentagon is the one in which the difference between the quantum and the classical set is the biggest one [3] . This difference is precisely the one aimed by the initial state and the set of measurements used to test the violation of the KCBS inequality.
Appendix I: N-cycle NC inequalities and results
Our experimental results are summarized in Tab. II. In order to penalize for incompatibility we again follow the scheme introduced in Ref. [12] . Accordingly, the witness for an extended N-cycle NC inequality is given by
where i = A 
Appendix J: Comparison with previous KCBS tests
We provide in Tab. III a collection of experimental KCBS tests to benchmark our data. Aside from being among the closest to QM predictions, our analysis is the only one that we are aware of that systematically characterizes signaling and is in agreement with theoretical expectations. We have calculated the signaling the different experiments would have incurred wherever the data was made available by the authors (secondto-last column). The meanings of the different comments in the last column are:
• Detection loophole. Experiments with photons suffer from significant detector inefficiencies and setup losses. Consequently, the results assume that the registered events form an unbiased sample of all the events. The loophole does not apply when measurements are conducted with high fidelity.
• Simultaneous measurements. When pairs of measurements are conducted simultaneously, it is difficult to establish an operational definition of an individual measurement [22] . It has been argued that this so-called "individual existence loophole" can be addressed by performing measurements in a sequence [49] .
• Six observables. Certain experimental arrangements may not allow for performing the same measurement in the same way in every context. In order to circumvent this problem, the KCBS inequality is extended to a six-observable inequality. However, the validity of this approach has been challenged by some authors [9] .
• Order dependence. When statistical errors dominate, the order of measurement of correlators should not influence the final outcome. Significant dependence on the order indicates the presence of uncontrolled systematic errors.
• Large signaling. When signaling is large compared to observed violations, the experiment is far from the ideal assumption of compatible sharp measurements. This makes is difficult to relate the strength of contextual correlations measured in such experiments to established theoretical results. An indicator of this effect is that the statistical uncertainty in the measured witness (third column) is much smaller than the signaling term (fourth column).
• Non-projective measurements. In Ref. [47] measurements are conducted in a sequence, but are not projective by design. Specifically, the post-measurement state, conditioned on photon detection, is a mixture of qutrit basis states. This precludes the implementation of sharp measurements.
Appendix K: Comparison with previous CHSH and chained Bell tests
As discussed in App. H, both the CHSH scenario for a Bell test and the KCBS scenario for a non-contextuality test feature pentagonal graphs in the exclusivity formalism. To the best of our knowledge, there are two previous experiments aiming at the limits of correlations in Bell scenarios: one carried out by the Kwiat group in Illinois [7] , the other in the group of Kurtsiefer in Singapore [6] . Both were carried out with photons. The former came close to 99% of the QM prediction for the CHSH test (with statistical uncertainties well below 1%), and the latter came down to 99.97(2)% of the Tsirelson bound. Our result for KCBS brings us to 99.5(2)% of the QM limit and is the first experimental demonstration of strongerthan-Bell correlations in a non-contextuality test closing the detection loophole (Fig. 3) .
In Ref. [7] they furthermore measured chained Bell inequalities with even numbers of observables all the way to N = 90 and found a maximal value of the contextual fraction CF 36 = 0.874(1). Our results complement these with odd numbers of observables up to N = 121 and we determine a maximal value of CF 31 = 0.800 (4) . Aside from closing the detection loophole, we have thoroughly characterized our signaling (or incompatibility) by scanning the relevant experimental parameters. This has allowed us to identify optimal working conditions and place bounds on the amount of signaling present in the experiment. This could be relevant if the presence of signaling indicated by preliminary data analysis of previous photon experiments is confirmed [8] .
